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Abstract. We discuss the (ne) level structure suggested
by the membrane approach to quantum black holes. We study
the small uctuations of a membrane close to the event hori-
zon, examine the relation between energy levels and entropy,
and nd corrections to the A=4 term proportional to logM (for
Schwarzschild black holes). We nally relate this results with pre-
vious work on critical phenomena in black hole thermodynamics.
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1. The idea that quantum black holes should have a discrete spectrum
has a long history. It was rst proposed in 1974 by Bekenstein [1], who sug-
gested that the area A of the horizon behaves as an adiabatic invariant, and
quantized it a la Bohr-Sommerfeld. Later, dierent heuristic arguments sug-
gesting the same conclusion have been presented by a number of authors [2-7].











is the Planck length and c a numerical
constant of order unity, which probably cannot be computed reliably with
heuristic considerations.
Eq. (1) is attractive because of its simplicity and because it is suggested
by various dierent arguments. It should also be mentioned that, more gen-
erally, the existence of an area quantization in quantum gravity is suggested
by the loop representation [8]. However, when translated into an energy
quantization law, through the usual relation between area and mass, eq. (1)















Suppose that the black hole mass E
n
is large but not astronomically large















is small compared toM
P l
, but still not small enough to allow
a particle with ordinary energy, say a few GeV, to be absorbed or emitted by
the black hole. Thus, the emission spectrum would be signicantly dierent
from the semiclassical result, even for black holes with mass M  M
P l
, for
which we would rather expect that the semiclassical approximation works
well.
The membrane approach to quantum black holes discussed in [7, 9] (and
based on previous ideas presented in [10, 11]) suggests a more complicated
pattern for the level structure. In the membrane picture each level corre-
sponding to a dierent value of the \principal quantum number" n is still
(in a rst approximation) enormously degenerate, since to each level we can
separately apply the membrane description, and correspondingly the state
of the black hole is fully characterized only if the excitation state of the
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membrane is specied. When the dynamics of the membrane is considered,
this degeneracy is lifted, and one is left with a level structure consisting of
principal levels, from which starts a quasi-continuum of membrane levels.
The membrane emerges from a coarse graining over very short distances
near the horizon; its dynamics is xed by invariance principles, so that all
ignorance about short distance physics is absorbed into a few phenomenolog-
ical parameters, like the membrane tension. Thus, since we have a concrete
dynamical model, we can address a number of questions about the consis-
tency of this picture of energy levels. Some of the questions that we want
to address are the followings. i) When we quantize the membrane levels, the
degeneracy of the principal levels will be removed. One should ask whether
these levels will split to such an extent that the area quantization, eq. (1),
becomes obliterated [12]. ii) It has already been observed by various authors,
e.g. [10, 13], that short distances play an important role in the counting of the
number of states near the horizon, and that such a counting gives a divergent
result unless one introduces a short distance cuto. Thus, we must expect
that the separation between membrane levels depends on such a cuto, and
we should investigate up to what extent we can extract results which are
independent of short distance physics. iii) Can we put the energy levels in
correspondence with the black hole entropy, and estimate corrections to the
S = A=4 relation?
In the following we will attempt to answer these question, discussing the
quantization of the membrane action.
2. The membrane formalism for black holes has been discussed in detail
in refs. [7, 9]. Here we just recall some basic points and establish the nota-
tions. The essence of the approach is to divide the degrees of freedom near
the horizon into collective variables, 

, which give the position of the quan-
tum, uctuating, horizon, plus short range uctuations, which are integrated
over. One then obtains an eective lagrangian for the horizon coordinates
which, because of reparametrization invariance, is just the action of a rela-
tivistic bosonic membrane (plus higher order terms). Thus, we are actually
performing a coarse graining over short distances. As in any eective la-
grangian approach, the ignorance on physics at short distances is absorbed
into a few phenomenological parameters; in this case, the membrane tension.
























is the action of the relativistic bosonic membrane and I
grav
is
the boundary term in the gravitational action, which is also generated by
this coarse graining procedure. It is possible to show [9] that this approach
correctly reproduces the temperature and entropy both in Rindler spaces and
for black holes in the large mass limit.































(). The indices i; j take the





In the following we work with Minkowskian signature, and we use Planck



































ries are intrinsically non-linear and therefore much more dicult to quantize
than string theories. The best one can do, usually, is to perform a semiclas-
sical quantization expanding around a classical solution [14]. This will be
discussed next.
3. The rst point to be addressed is the choice of the classical solution
of the membrane equations of motion around which to perform the semiclas-
sical quantization. The classical equations of motion in the background of
a Reissner-Nordstrom black hole have solutions [7] corresponding to mem-
branes which approach the background event horizon, r = r
+
. If we try
to quantize around this solution, however, we nd that the membrane level
actually form a continuum, see below, so that the number of states of the
black hole would diverge. This divergence is nothing but the divergence rst
found by 't Hooft [10], and can be regulated with a short distance cuto near
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the horizon. The physical origin of this cuto, in the membrane approach, is
quite clear. The membrane is only an eective theory, obtained performing
a coarse graining over short distances, that is, over distances on the order of
a few Planck lengths from the horizon (or a few string lengths, depending
on what is the fundamental theory), and it is not legitimate to extrapolate
the membrane equations of motion down to a distance smaller than a few
Planck length from the classical horizon. Thus, we rather proceed as follows.
We assume that the equations of motion acquire corrections very close to the
horizon, in such a way that the membrane, instead of approaching r = r
+




+ (a few Planck
lengths). Such corrections can produce a change in the dependence on r of
the function  which enters the metric, see eq. (5). We do not present any
explicit expression indicating how  is modied, since it is clear that this
is just a phenomenological way to take into account short distance eects,
and we will be interested only in those results which have a rather general
validity, and do not depend on the specic properties of the modication
introduced.
Now we are ready to expand the action. We rst x the gauge t =
;  = 
1
;  = 
2
, we write r(t; ; ) = R
M
+ (t; ; ) and expand the
membrane action up to quadratic terms in the quantum uctuations . A



























































































The term linear in  appears because we have used the explicit form of (r)
given in eq. (5); of course, the eect of modifying so that there is a minimum
at r = R
M





also be modied, and it is therefore model-dependent. However, eq. (6) has a
non-trivial and largely model-independent feature, namely, the factor 1=
M




. Because of this factor, the spectrum of excitation with
angular momentum l which follows from the lagrangian (6), after dropping
4
the linear term and substituting c
2






















m; l = 0; 1; : : : ; (8)
where we have xed the zero point of E
l
by requiring that E
l
= 0 for l = 0.
This is due to the fact that, for l = 0, the membrane is in its ground state,





is just the red-shift factor: the excitation of the membrane gives a
contribution to the energy at innity of the black hole which is suppressed
by a factor equal to the red-shift from the membrane location to innity. It
is clear therefore that, if we remove the cuto and send naively 
M
! 0, we
get a continuum of energy levels.
The dependence of 
M
on the black hole mass M can be estimated us-







. The separation between levels with dier-
ent value of the quantum number l obtained from eq. (8) depends on whether
the constant m
2
is larger or smaller than l(l+1)=M
2
. In the former case one































In both cases, as long as M  1, this separation is much smaller than the
separation between principal levels, which is  M
 1
, and therefore can be
considered as a sort of ne structure.
4. One should also inquire whether the above membrane levels are further
degenerate. An insight into this question is obtained considering the relation
between the energy levels and the entropy.
The value of the entropy in the membrane approach can be obtained from
the partition function, eq. (3). As shown in ref. [9], the value S = A=4 is
indeed reproduced, and comes from the boundary term in the gravitational
action, which appears as a prefactor in eq. (3). Therefore, in this approach,
the A=4 term is actually a tree level eect. The membrane action gives
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instead the one-loop corrections; thus, the membrane levels that we have
discussed above are not responsible for the A=4 term in the entropy but
rather for the corrections to it. From the expression for E
l
, eqs. (9) and
(10), we immediately see that the number of these membrane levels between













saturates the principal level spacing) grows like a power of M (either as M
3=2





= 1), is proportional to logM .
If we want to put into correspondence the A=4 term in the entropy (which
in the path integral approach comes from the boundary term in the gravi-
tational action) with the level structure of the black hole, we must conclude
that each of the membrane levels discussed above is still enormously degen-
erate. The physical origin of this degeneracy is easy to understand. If one
drops a particle with energy E much smaller than M
P l
into a black hole,
classically the horizon radius increases by 2GE, which is much smaller than
a single Planck length L
P l
. Since most probably distances much smaller
than L
P l
have no operational meaning in quantum gravity (and since any-
how the horizon radius cannot be measured with accuracy better than L
P l
,
see [15]), all the states which dier by excitation energies E much smaller
than the separation E
l
found above are actually indistinguishable from the
membrane point of view.
To summarize, the picture that we nd is as follows: for the entropy of a
Schwarzschild black hole with M  1, we get
S = 4M
2
+ const: logM : (11)
For the level structure we get a set of nely spaced membrane levels, re-
sponsible for the O(logM) term in the entropy, which are still enormously
degenerate. This degeneracy is responsible for the 4M
2
(= A=4) term in the
entropy, and can only be resolved using the full quantum theory of gravity,
since it is very strongly related to short distance physics.
The separation between membrane levels is much smaller than the sepa-
ration between levels implied by eq. (1), so that the area quantization law is
compatible with the membrane approach.
5. In Refs.[16, 6] it was shown evidence that four-dimensional, rotating
and charged black holes undergo critical phenomena. Under critical condi-
tions their characteristic behaviour is as if they had an eective dimension
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equal to two. In fact, critical exponents of correlation functions and quite
general arguments coming from the Renormalization Group theory assign
an eective (spatial) dimension, d = 2, to the system. Also, by comparison
of the black hole critical exponents with those of the Gaussian model in d-
dimensions, complete agreement is only found for d = 2. We can think of
Eq. (6) as coming from an action for the \eld"  which generates essentially
a Gaussian integral and we can [16, 6], then, reproduce in the membrane ap-
proach all the black hole critical exponents since (; ; ) is now a Gaussian
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